STRICHARTZ ESTIMATES ON KERR BLACK HOLE 
BACKGROUNDS 



MIHAI TOHANEANU 



Abstract. We study the dispersive properties for the wave equation in the Kerr 
space-time with small angular momentum. The main result of this paper is to estab- 
lish Strichartz estimates for solutions of the aforementioned equation. This follows 
a local energy decay result for the Kerr space-time obtained in the earlier work [23] 
and uses the techniques and results from [13] by the author and collaborators. As 
an application, we then prove global well-posedness and uniqueness for the energy 
critical semilinear wave equation. 



1. Introduction 



Understanding the decay properties of solutions to the linear wave equation on Kerr 
backgrounds is considered a crucial first step in proving the stability of the Kerr solution 
to the Einstein equations. Until recently even the problem of obtaining uniform bounds 
for such solutions was completely open, and only some partial results (pointwise decay 
and energy bounds for azimuthal solutions away from the event horizon) were obtained 
in [6], [7]. Recently in [23] and independently in [4], [5], [1] uniform pointwise bounds 
as well as local energy decay were established for small angular momentum. The aim of 
this paper is to prove Strichartz estimates under the same assumption of small angular 
momentum. 

The Kerr geometry in Boyer-Lindquist coordinates is given by 

ds 2 = g tt dt 2 + g tc j,dtd(f> + g rr dr 2 + g^dcj) 2 + geedO 2 

where t 6 M, r > 0, (</>, 9) are the spherical coordinates on § 2 and 

A -a 2 sin 2 9 2A/rsin 2 6> p 2 

9tt = 5 , gt<p = -2a - , g rr = — 

p £ p l A 

(r 2 + a 2 ) 2 - a 2 Asin 2 6> 2 n , 

" " = 2 Sm 986 = P 



P 

with 

A = r 2 - 2Mr + a 2 , p 2 = r 2 + a 2 cos 2 9. 

Here M represents the mass of the black hole, and aM its angular momentum. 
A straightforward computation gives us the inverse of the metric: 



tt _ (r 2 +a 2 ) 2 - a 2 A sin 2 9 t<t> _ _ 2Mr „ _ A 
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00 = A - a 2 sin 2 9 ee = J_ 

9 p 2 Asia 2 9 ' 9 p 2 ' 

The case a = corresponds to the Schwarzschild space-time. We shall subsequently 
assume that a is small a <C M, so that the Kerr metric is a small perturbation of the 
Schwarzschild metric. We let Dk denote the d'Alembertian associated to the Kerr metric. 

In the above coordinates the Kerr metric has singularities at r = on the equator 
9 = 7r/2 and at the roots of A, namely r± = M ± V M 2 — a 2 . The singularity at r = r + 
is just a coordinate singularity, and corresponds to the event horizon. The singularity 
at r = r_ is also a coordinate singularity; for a further discussion of its nature, which is 
not relevant for our results, we refer the reader to OE]. To remove the singularities at 
r = r± we introduce functions r* , w+ and </>+ so that (see [9]) 

dr* = (r 2 + a 2 )A^ 1 dr, dv + = dt + dr* , d(f>+ = d(f) + aA _1 dr. 

The metric then becomes 
2 Mr 

ds 2 = - (1 ^~)dvl + 2drdv+ - Aap~ 2 Mr sin 2 9dv + d<j) + - 2a sin 2 6drd(/) + + p 2 d6 2 

pi 



+ p- 2 [(r 2 + a 2 ) 2 - Aa 2 sin 2 9} sin 2 °^ 2 



+ 

which is smooth and nondegenerate across the event horizon up to but not including 
r = 0. Just like in [13] and [23], we introduce the function 

v = v + — fj,(r) 

where p is a smooth function of r. In the (v, r, <p + , 9) coordinates the metric has the form 

ds 2 = (1 - )dv 2 + 2 (l - (1 - ^)/i'(r)) d«dr 

/ 2 M r \ 

- 4ap" 2 A/r sin 2 Wt5d0 + + [2p'{r) - (1 - — s -)( M '(r)) 2 J dr 2 

- 2a6»(l + 2p- 2 Mrp'{r)) sin 2 dr<i0 + + p 2 d9 2 
+ p~ 2 [(r 2 + a 2 ) 2 - Aa 2 sin 2 9} sin 2 0#+. 

On the function /i we impose the following two conditions: 

(i) /Lt(r) > r* for r > 2M, with equality for r > 5M/2. 

(ii) The surfaces v = const are space-like, i.e. 

2 Mr 

M '(r)>0, 2-(l-- 5 V(r)>0- 

P 

As long as a is small, we can work with the same function p as in the case of the 
Schwarzschild space-time. 

For convenience we also introduce 

^ = C(r)0+ + (l-C(r))0 

where C is a cutoff function supported near the event horizon and work in the (v, r, 4>, 9) 
coordinates which are identical to (t, r, 4>, 9) outside of a small neighborhood of the event 
horizon. 
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Given r_ < r e < 2M we consider the wave equation 

(1.1) □k" = / 
in the cylindrical region 

(1.2) Mr = {i > 0, r > r e } 
with initial data on the space-like surface 

(1.3) S fl = Mr n {v = 0} 
The lateral boundary of Mr, 

(1.4) £+ = .M H n {r - r e ] 

is also space-like, and can be thought of as the exit surface for all waves which cross the 
event horizon. 

We define the initial (incoming) energy on as 

(1.5) E[u]{'E R \)= [ (\d r u\ 2 + \dvii\ 2 + \fu\ 2 )r 2 drduj 



the outgoing energy on as 

(1.6) E[u](E+)= / (\d r u\ 2 + \d, s u\ 2 + \fu\ 2 ) r 2 e dvduj 
and the energy on an arbitrary v slice as 

(1.7) E[u](v ) = ( (\d r u\ 2 + \dvu\ 2 + \fu\ 2 )r 2 drdoj 

J Mn.n{v=vo} 

For solutions to the constant coefficient wave equation on I x I 3 , the well-known 
Strichartz estimates state that 

(1.8) iii-Dxr pi v«ii if i i? < \\vu(o)\\ L2 + \\\D x r-f\\ LP , 2Ll ,. 

Here the exponents (pi,Pi,qi) are subject to the scaling relation 
, \ 1 3 3 

P + - q = 2- p 

and the dispersion relation 

1 1 1 

(1.10 - + -<-, 2<p<oo. 

p q 2 

All pairs (p,p,q) satisfying (|1.9p and (j 1 . 10 j) are called Strichartz pairs. Those for which 
the equality holds in Ijl.lOp are called sharp Strichartz pairs. Such estimates first appeared 
in the seminal works [2], |18[ [19] and as stated include contributions from, e.g., [8], [16J, 
[TO] , [12] . and [UJ. 

If one allows variable coefficients, such estimates are well-understood locally-in-time. 
For smooth coefficients, this was first shown in [15] and later for C 2 coefficients in [17] 
and [20l[2lJ[22]. 

Globally-in-time, the problem is more delicate. Even a small, smooth, compactly sup- 
ported perturbation of the flat metric may refocus a group of rays and produce caustics. 
Thus, constructing a parametrix for incoming rays proves to be quite difficult. At the 
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same time, one needs to contend with the possibility of trapped rays at high frequencies 
and with eigenfunctions/resonances at low frequencies. 

Our main theorem is the following global in time estimate: 

Theorem 1.1. // u solves O k u — f in A4r then for all nonsharp Strichartz pairs 
{pi,Pi,qi) and {p2,P2,q2) we have 

(1.11) £?[«](£+) +sup£?[u](t;) + ||V«||^ lA -„,„ <E[u]{Tr R ) + \\ft p , 2 , . 

Here the Sobolev-type spaces H s,p coincide with the usual H s,p homogeneous spaces 
in M 3 expressed in polar coordinates (r, lu). 

As a corollary of this result one can consider the global solvability question for the 
energy critical semilinear wave equation in the Kerr space. Let 

E = {t = 0} 

Note that So is a smooth, spacelike surface. 

We now consider the Cauchy problem with initial data on So: 



(1.12) 



□k« = ±u 5 in M 



u = uq, Tu = u\ in Eq- 



Here T is a vector field that is smooth, everywhere timelike and equals da on Eo outside 
M.c- Observe that we cannot use dv on all of So since it becomes spacelike inside the 
ergosphere (i.e. when gu > 0). 

Theorem 1.2. Let r e > r_ . Then there exists e > so that for each initial data (ito, u\) 
which satisfies 

£M(E ) < e 

the equation (j 1 . 12 j) admits an unique solution u in the region {r > ?>} which satisfies the 
bound 

E[u](J^.) + \\u\\ A .^ {r>rt}) <-EM(E ) 
for all indices s,p satisfying 

4 1 1 

- = s + -, < s < -. 
p 2' ~ 2 

Furthermore, the solution has a Lipschitz dependence on the initial data in the above 
topology. 

Theorem 11.21 follows from Theorem 11.11 exactly like in Section 5 of [l3j, hence we will 
now focus on proving the latter. 

Acknowledgements: The author would like to thank Daniel Tataru for many useful 
conversations and suggestions regarding the paper. 
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2. The Strichartz estimates 

In this section we will prove Theorem ll.il The key to the proof is the approach devel- 
oped in [14] for small perturbations of the Minkowski metric and [13] for the Schwarzschild 
metric which allows one to establish global-in-time Strichartz estimates provided that a 
strong form of the local energy estimates holds. 

A weaker local energy result has been proved in [23]. We first improve this to a stronger 
result that only requires logarithmic losses in the energy norm. We then apply the 
techniques from [14] and [13] to obtain Strichartz estimates for all nonsharp exponents. 

Let us first recall the setup and results from [23]. Let r, £, <& and 9 be the Fourier 
variables corresponding to t, r, (j> and 6, and 

p(r, (j>, t, f , $, 9) = g U T 2 + 2g^T<5> + g^^ 2 + g rr £ 2 + g 89 Q 2 

be the principal symbol of O k . On any null geodesic one has 

(2.1) p(t,r,&0,T,fc*,e)=O. 

Moreover, all trapped null geodesies in the exterior r > r + must also satisfy (see [23] 
for more details): 

(2.2) ^ = 

(2.3) r = constant so that (2rA - (r - M)p 2 ) 2 < 4a 2 r 2 A sin 2 9 

(2.4) Ra(r t T,*) = 
where 

R a (r, r, $) ={r 2 + a 2 )(r 3 - Mir 2 + a 2 r + a 2 M)r 2 
- 2aM(r 2 -a 2 )r^-a 2 {r- Af)$ 2 

By (|2.ip we can bound $ in terms of r, 

(2.5) |$| < AM\t\ 

For $ in this range and small a the polynomial T~ 2 R a (r,r, $) can be viewed as a small 
perturbation of 

T- 2 R {r,T,<P) = r 4 (r - 3M) 

which has a simple root at r = 3M. Hence for small a the polynomial R a has a simple 
root close to 3M, which we denote by r a (r, $). 

In [23] the following result is proved: 
Theorem 2.1. Let u solve O^u = f in Mr. Then 
(2-6) IMliwK + sup #[«](€) + E[u)(E+) < E[u}(^) + ||/|| 
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The exact definition of the norms LEWk is not important; what matters is that it 
is equivalent to H t x on compact sets outside an O(l) neighborhood of r = 3M and is 
degenerate on the trapped set (described above). Near infinity (say for r > AM) the 
norm LEWk is defined on dyadic regions as follows: 

j 3 j 

(2.7) ||u||l_BW k = SUp2~2\\Vt,xU\\L2(gLx{\x\£[23- 1 ,2j]}) + 2~ T ||w||L2( Rx {| a ,| e [2j-i.2i]}) 

jez 

The norm LEW^ is the dual of LEWk', in particular, near infinity it will be defined 

as 

(2-8) \\f\\LEW^ = X! 2 ' ll/||i 2 (Rx{|x|e[23-i,2^]}) 

jez 

We first improve Theorem 12.11 around r = 3M. We will work with the usual Boyer- 
Lindquist coordinates (t, r, <p, 9) since we are only interested in improving the estimate 
around r = 3M. In these coordinates we can write 

(2.9) P 2 ^°k JL = L K = Ad 2 + (- ^ + / )2 d? - a^d t d, - ^d 2 + L a ) + V(r), 
where 

L a = a 2 sin 2 98 2 + -^-d 2 + J—d e (sm6d e ) 
sin 9 v sin 9 

and 

V(r) = VAd r (Ad r ^=) 
v A 



We can now take the Fourier transform in t (this is allowed since by Theorem l2. II since 
u is a tempered distribution in t) and <j>, and expand TtL a (which is an elliptic operator 
on S 2 ) as the countable sum of its eigenvectors and corresponding eigenvalues A 2 (note 
that Ao correspond to the usual spherical harmonics). This is possible since the operators 
dj, and L a commute. We are left with the ordinary differential equation 

(2.10) (Ad 2 + Vx BI T,«(r)Mr) = g 

where 

(2.H) V Xa , T ,9(r) = T 2 W(r - r a (r, $)) - A 2 + V. 

and W(0) = W'(0) = 0, W"(0) > 0. 

Let 70 : K — > M + be a smooth increasing function so that 

i y<i 
y y>2. 



7o (y) 



Let 71 : R + — » R + be a smooth increasing function so that 

Let 7 : M 2 — > M+ be a smooth function with the following properties: 

1 z < C 

j(y,z) = { 70(2/) y<yfz~j2 1 z>C 
zhx{y 2 /z) y> y/I/2, z> C 
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where C is a large constant. In the sequel z is either a discrete parameter or very large 
(see Remark l2.2p . so the lack of smoothness at z = C is of no consequence. 

We define the symbol 

b ps (r, r, £, $, A a ) = 7HH— ) h((r - r (r, $)) 2 + A" 2 £ 2 ), In A Q ), 

T 

and its inverse 

6~ 1 (r,r,e,$,A a ) 



7 (-V(i?) ln((r - r„(T, $)) 2 + Aa 2 £ 2 ), In A„) ' 
Here ^ : R — > R is a smooth cutoff such that 



f ye [-4,-2] U [2, 4] 

y £ (-00,8] U [-1,1] U [8,00) 



The role of ip is to make sure that 6=1 when r<A a and t>A„. 

Observe that, as opposed to their Schwarzschild counterparts a ps and a~} defined in 
[13] . the symbols b ps and b~} will depend on r and <fr. 

We note that if A a is small then b ps and &~ s both equal 1, while if A a is large then 
they satisfy the bounds 

1 <6 ps (r,r,C,$,A a ) < 6 ps (r,r,0,$,A a ) < (lnA )*, 

(InA„)-' <&- 1 (r,r,0,$,A o )<6- 1 (r,T,e,$,A o )<l. 

We also observe that the region where y 2 > z corresponds to (r — r a (r, $)) 2 + A~ 2 £ 2 < 
e -VinA a _ Thus differentiating the two symbols we obtain the following bounds 

(2.14) 

(2.15) ((r - r a (r, $)) 2 + A" 2 ^ + e-^)"^, 

respectively 

(2.16) 

\d^d^d^ a d^b~g(r, t, £, $, A a )| < c a p v b~ 2 {r, t, £, <f>, A a )(l + | ln((r — r a (r, $)) 2 + A~ 2 £ 2 )|) 

(2.17) A-^^"((r - r a (r, $)) 2 + A" 2 ^ + e -^)-^ > 

when a + /3 + f + t > and In A > C. These show that we have a good operator calculus 
for the corresponding pseudodifferential operators. In particular in terms of the classical 
symbol classes we have 

(2.18) G^_ ff)0> <5>0. 

By 1|2.15|1 and (|2 . 1 T[) one easily sees that these operators are approximate inverses. 
More precisely for small A a , lnA a < C, they are both the identity, while for large A a 

(2.19) IKiXa^riXa) - < K^^, lnA Q > C. 

Choosing C large enough we insure that the bound above is always much smaller than 1. 
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Remark 2.2. The role played by X a changes from the proof of Theorems \2.3\ to the proof 
of the Strichartz estimates. Since all of our L 2 estimates admit orthogonal decompositions 
with respect to the eigenfunctions associated to X a , it suffices for Theorems 1 2. 3\ to fix X a 
and work with the operators bp S (X a ). However, in the proof of the Strichartz estimates 
we need kernel bounds for operators of the form B ps , which is why we think of X a as a 
fourth Fourier variable (besides t, $ and and track the symbol regularity with respect 
to X a as well. Of course, this is meaningless for X a in a compact set; only the asymptotic 
behavior as X a — > oo is relevant. 

We can now introduce the Weyl operators 

Sp S = $>£(A )n Ao , 

respectively 

B^s 1 =T,( b Ps) W (^)Il K . 

where H\ a are the spectral projectors on the eigenspaces of L a determined by A a . 

We use these two operators in order to define the improved local energy norms around 
r = 3M. Let I be a small neighborhood of 3M (which does not depend on a). We say 
that u e LEK ps if u : R x I x § 2 -> K and 

(2-20) \\u\\lek P3 = WB-J-uWh* w ||A- x Vn|U2 < oo, 

Similarly / G LEK* S if / : K x / x § 2 -> M and 
(2-21) \\.f\\LEK; 3 = \\B P J\\ L2 < oo. 

Let xi r ) be a cutoff function supported on I which equals 1 on a smaller neighborhood 
of size 0(1) near 3M, and u : Mr — ► M. We say that u G ii?K if X u ls the restriction of 
some u G LEK ps on .M_r, and 

(2-22) ||u|| Lae = inf ||u||lba: p . + - x)u\\lew k 

u\m r =x u 

Similarly if / : A4r — > R, then / G LE^ if xf is the restriction of some / G LEK* S 
on Mr, and 

(2-23) = . inf \\xfhEK; s + ||(1 - x)/IUw- 

Our improved local energy estimate reads: 
Theorem 2.3. i^or all functions u which solve Dk« = / in Mr we have 
sup £[«](«) + £[u](E+) + ||u||| Sk < £[u](E^) + ||/||i B . . 

5>0 

Proof. We start with the following estimate near r = 3M, which is the equivalent of 
Proposition 3.3 from |13| : 
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Proposition 2.4. a) Let u be a function supported in {5M/2 < r < 5M} which solves 
□k« = /. Then 

(2.24) \n\ 2 LEKps <\\f\\ 2 LEK;s . 

b) Let f € LEKps* be supported in {11M/4 < r < AM}. Then there is a function u 
supported in {5M/2 < r < 5M} so that 

(2-25) swpE[u] + \\u\\ 2 LEKps + \\n K u - f\\ 2 LEil < \\f\\ 2 LEK , s . 

Proof. We start with part (a). By Plancherel's formula and the fact that 

(2.26) $ < A Q 
(|2.24p will follow if we can prove that 

(2.27) \\d r w(r)h* + (M + |A a |)||(V s 1 )'"(r,$,A a ) W || L2 < \\b^(r^,X a )g\\ L2 . 

for any fixed r, <I> and A a (here 6p S (r, $,A a ) is the one dimensional pseudodifferential 
operator obtained from b ps by fixing r, $ and A a .) 

Depending on the relative sizes of A a , r and $ and taking into account (|2.26[) we 
consider several cases. In the easier cases it suffices to replace the bound l|2.27p with a 
simpler bound 

(2-28) \\d r w\\ L 2 + (|r| + |A a |)|HI^ < \\g\\v>. 

Case 1: A a ,r, $ < 1. Then V\ atT ,$(r) ~ 1. We solve (|2. 10|) as a Cauchy problem with 
data on one side; namely, if 

E[w](r) = A{d r w) 2 + w 2 
then an easy computation shows that 

^-E\w]{r) < E[w](r) + g 2 
dr 

By GronwalPs inequality and the fact that E[w](r) = away from the photonsphere we 
obtain the pointwise bound 

M + \d r w\ < \\g\\ L 2 

which easily implies (|2,28|) , 

Case 2: <f>, A a r. Then V\ atT ^(r) w r 2 , d r V\ a>Tt <s>{r) ~ t 2 for r in a compact set; 
therefore (|2.10p is hyperbolic in nature. Hence we can solve (|2.10p as a Cauchy problem 
with data on one side; namely, if 

E[w](r) = A{d r w) 2 + V Xa , T ^{r)w 2 

then an easy computation shows that 

y£W(r) < E[w](r) + g 2 
dr 

By Gronwall's inequality and the fact that E[w](r) = away from the photonsphere we 
obtain the pointwise bound 



10 



MIHAI TOHANEANU 



r\w\ + \d r w\<\\g\\ L 2 

which implies l|2.28[i . 

Case 3: A a ^> r. Then V\ ajTt &(r) « —A 2 for r in a compact set; therefore (|2. lOf) is 
elliptic. Then we solve (|2.10p as an elliptic problem with Dirichlet boundary conditions 
on a compact interval and obtain 

\l\\w\\ L 2+xl\\d rW \\ L 2 <\\g\\ L3 

which again gives (|2.28|) . 

Case 4: A a ~ T > 1. In this case (|2.28[) no longer holds. However, we can now use 
Proposition 3.4 from [13] which states 

Proposition 2.5. Let W be a smooth function satisfying W(0) = W'(0) = 0, W"(0) > 0, 
and \e\ < 1. Let w be a solution of the ordinary differential equation 

{d 2 r , + X 2 (W(r*) + e))w{r*) =g 

supported near r* = 0. Then we have 

(2-29) \\d r .u\\ L * + MKa-inXMv < \\a™(X)g\\ L *, 

Here the symbols a ps (X) and (a~})(X) are defined as follows 

ap S (A)(r*,e) = 7(-ln(r* 2 + A- 2 C 2 ),lnA), 

<(A)(r*,0 



7 (-ln(r* 2 + A- 2 ^ 2 ),lnA)' 

We can now apply Proposition 12.51 with r* = r — r a (r, $), W as in (|2 - 1 lj) and with 
bp S (r, $,A Q ) and (b~}) w (T, $, A a ) replacing a,p S (X) and (a~]-) w (X) respectively. Note that 
there the extra A coefficient in front of 9 2 in (|2- 10|) plays no role, since A ps d r A ss 1 
near r = 3M. 

Part (b) follows now from part (a) exactly like in Proposition 3.3 from [13] with A a 
replacing the spherical harmonics A and r* = r — r a (r, $). □ 



□ 



We now repeat the arguments in Section 4 of [13] to turn the improved local energy 
estimate, Proposition 12.41 into Strichartz estimates, Theorem ll.il The only (minor) dif- 
ferences appear in proving Case II of Proposition 4.10, which we will settle below. We 
thus need to prove 

Proposition 2.6. For u supported in {5A//2 < r < 5M} we have 

l|Vw|| 2 ?H _ p ., < E[u}{0) + \\u\\ 2 LEKpa + HDjcuIIlbk-^- 

Proof. Clearly the operator D K can be replaced by Lk ■ The potential V can be neglected 
due to the straightforward bound 

\\Vu\\ LE;s < \\u\\ LEps . 
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Indeed, for u\ a the eigenfunction corresponding to the eigenvalue A 2 we have 

\\Vu Xa \\ LEK;s < |ln(2 + A a )|5|| UA J| i2 < A |rn(2 + A )|-*|KJUs < \\uxJle p , 

We introduce the auxiliary function 

V' = B'^u. 

By the definition of the LEK ps norm we have 

(2-30) UVUi^ < \\u\\lek ps . 

We also claim that 

(2-31) WLrtPWl* < \H\lek ps + \\L K u\\ L 2. 

Since B" 1 is L 2 bounded, this is a consequence of the commutator bound 

[Bp S ,Ljc] ■ LEK ps —> L 2 , 

or equivalently 

(2.32) [Bp S , Lk\B ps : H 1 — > L 2 . 

It suffices to consider the first term in the symbol calculus, as the remainder belongs to 
OPS^_ s g, mapping H s to L 2 for all 5 > 0. The symbol of the first term is 

q(r, $, r, X a ) = {b-s\X a ), - ^ +^\ 2 - a ^r<S> J$ 2 + A^}6 ps (A Q ) 

and a-priori we have q £ S^g g. For a better estimate we compute the Poisson bracket 

q(T,<$>,£,r, Xa) = b (Xah v {y,lnX a )tp{ — ) 

T 

4£(r - r a (r, $)) - 2^X~ 2 (T 2 W(r ~ r n (r, $)) + 2(r - M)g 2 
(r-r Q (r,$))2 + A- 2 e 2 

where y = (r — r a (r, 3 1 )) 2 + A~ 2 £ 2 and W ~ r 2 . The first three factors on the right are 
bounded. The fourth is bounded by max{A a ,r} by Cauchy Schwarz and the fact that q 
is supported in |£| < A a - Hence we obtain q £ (T + X a )Si_ s s , and the commutator bound 
(|2~32l) follows. 

Given (|2.3Q[) and (|2 -3 If) . we localize as before ip to time intervals of unit length and 
then apply the local Strichartz estimates. By summing over these strips we obtain 

\\^^\\lph-p<i ^ \\u\\lek ps + \\L K u\\ L 2 
for all sharp Strichartz pairs (p, p, q) . 
To return to u we invert B~^ , 

u = Bp S iJj + (I — BpsBp^u. 
The second term is much more regular, since by <|2. 19|) we have 

/ - BpsB- 1 £ S^+l 5 > 0. 

This leads to 

||V(J - Bp S Bp^)u\\ L 2 H i-s < \\u\\ LEKps , 5>0; 
therefore all the Strichartz estimates are satisfied simply by Sobolev embeddings. 
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For the main term B ps ip we take advantage of the fact that we only seek to prove 
the nonsharp Strichartz estimates for u. The nonsharp Strichartz estimates for ip are 
obtained from the sharp ones via Sobolev embeddings, 

3 3 

HVV'llff-ra.aa < IIV-0ll.ff-Pi.9i, - + P2 = ~ + pi, Pi < P2- 

12 1l 

To obtain the nonsharp estimates for u instead, we need a slightly stronger form of the 
above bound, namely 

Lemma 2.7. Assume that {pi,Pi,qi), {P2, VItIi) are Strichartz pairs with pi < p%, 
qi < q_i < 00. Then 

3 3 

(2.33) \\Bp S w\\ L P2 H -P2,92 < \\w\\ L p 1H - P1 ,<!i, - + pi = - + Pi- 

I2 Qi 

Proof. We need to prove that the operator 

b = o P w (e + Aq + i)-™B ps o P w (e + 1)* 

maps L qi into L q2 . The principal symbol of B is 

b(r, r, $, A a ) = (e + X 2 + l)^b ps (r* , £, A a ), 

and by the pdo calculus the remainder is easy to estimate, 

B-b w 6 OPS^^~ l+S , 5>0. 

The conclusion of the lemma will follow from the Hardy-Littlewood-Sobolev inequality 
(applied separately for t, r and u>) if we prove a suitable pointwise bound on the kernel 
K of bg , namely 

(2.34) \K(t 1 ,r 1 ,u; 1 ,t2,r2,uJ2)\ < |*i - t 2 \~ 1+ *i~™ (|ri - r 2 \\uj 1 - w 2 | 2 )~ 1+ « . 
For fixed r we consider a smooth dyadic partition of unity in frequency as follows: 

l = (l-X{r«A a })X{|?|>A a }X{M<l}+X{r«A a } X] 

/x>l dyadic ^=0 

This leads to a similar decomposition for 6, namely 

/n>l i>=0 

In the region {|£| > A} U {p < 1} U {r > A} U {t < A} the symbol 6 is of class S P1 ~ P2 , 
which yields a kernel bound for 6 o of the form 

|X o(ii,ri,wi,t 2 ,r 2 ,^ 2 )| < (|ti - t 2 \ + |n - r 2 | + |wi - w 2 |)- 3+p2 - pi . 

The symbols of b pv are supported in « ^, A w r « /i}, are smooth on the same scale 
and have size at most ln(i/ _1 /i)M Pl_P2 . Clearly on their support we also have Ao ~ A a « /x. 
Hence after integration by parts we get that their kernels satisfy bounds of the form 

\K^ u (ti,ri,ui,t2,r2,u>2)\ 

<ln( i ,- 1 / i)^ 1 - p2 ^(|ri - r 2 \u + 1)" V(h - + l)" W (|*i - «a|/i + 1)"^ 

<|*i - t 2 r 1+ ^""^ ln(i/-V)A*"~« Kki - r 2 |^ + l)-^/i 2 (|wi - w 2 |m + 1)-* 
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for all nonnegative integers N. Then l|2.34p follows after summation. □ 

□ 
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